Abstract. We study the strong continuity of weighted composition semigroups of the form Ttf = ϕ ′ t (f • ϕt) in several spaces of analytic functions. First we give a general result on separable spaces and use it to prove that these semigroups are always strongly continuous in the Hardy and Bergman spaces. Then we focus on two non-separable family of spaces, the mixed norm and the weighted Banach spaces. We characterize the maximal subspace in which a semigroup of analytic functions induces a strongly continuous semigroup of weighted composition operators depending on its Denjoy-Wolff point, via the study of an integral-type operator.
Introduction
Let {T t : t ≥ 0} be a family of bounded operators on a Banach space X of analytic functions on the unit disk. The family is a semigroup of bounded operators if it satisfies the following conditions, 1. T 0 is the identity in the space of bounded operators on X, 2. T t+s = T t T s , for all t, s ≥ 0.
Moreover, the semigroup is called strongly continuous if
One of the most commonly studied semigroups of bounded operators is the semigroup of composition operators, where, for t ≥ 0, T t = C ϕt , and {ϕ t : t ≥ 0} is a family of analytic selfmaps of the disk. Such a family has to satisfy some conditions in order to generate a semigroup of composition operators, namely 1'. ϕ 0 is the identity in D, 2'. ϕ t+s = ϕ t • ϕ s , for all t, s ≥ 0, 3'. ϕ t → ϕ 0 as t → 0 uniformly on compact sets of D.
The family is then called a (one-parameter) semigroup of analytic functions. Given a semigroup of analytic functions, the induced family of weighted composition operators T t given by T t f = ϕ ′ t (f • ϕ t ) is a semigroup of weighted composition operators, as long as they are bounded on X. Note that, from now on, we will write ϕ ′ t (z) = ∂ϕt ∂z (z) to distinguish it from ∂ϕt ∂t (z). We want to understand operator theory properties of the semigroup of operators, such as spectrum, ideals or dynamics, in terms of geometric function theory of the semigroup of analytic functions, and the first step is to characterize the strong continuity.
The weighted composition operators of this type are related to the isometries of the Hardy space (see [26] ) and the semigroups were studied, in the context of the BMOA space, by Stylogiannis in [38] . Other semigroups of weighted composition operators, with more general multiplication symbols, were studied by Siskakis in [33] .
In this paper we are interested in the strong continuity of these weighted composition semigroups in several spaces of analytic functions, including the Hardy and Bergman spaces, and non-separable spaces such as the mixed norm spaces and weighted Banach spaces. We will see that there are fundamental differences in the characterization of the strongly continuous weighted composition semigroups depending on the separability properties of the space.
In [13] the authors prove the following basic properties of semigroups of analytic functions that will be useful for us:
• If {ϕ t } is a semigroup, then each map ϕ t is univalent.
• The infinitesimal generator of {ϕ t } is the function
This convergence holds uniformly on compact subsets of D, so G ∈ H(D). The generator satisfies G(ϕ t (z)) = ∂ϕ t (z) ∂t = G(z) ∂ϕ t (z) ∂z and characterizes the semigroup uniquely.
• The function G has a unique representation
where P ∈ H(D) with Re P ≥ 0 in D and b ∈ D is the Denjoy-Wolff point of the semigroup, that is, all self-maps in the semigroup share a common Denjoy-Wolff point b.
• If {ϕ t } is non-trivial, there exists a unique univalent function h : D → C, called the Koenigs function of {ϕ t } such that:
See also [34] for a review on semigroups of analytic functions and composition operators.
The structure of the paper is as follows. Section 2 is an introduction on the spaces of analytic functions that will appear later on. Section 3 will be devoted to the study of general semigroups of weighted composition operators. We first give a result for separable spaces, and prove that in the Hardy and Bergman spaces every semigroup of weighted composition operators is strongly continuous. To study the non-separable case we define the maximal closed linear subspace of a space X such that the semigroup {ϕ t } generates a semigroup of weighted composition operators on it,
In Sections 4 and 5 we characterize this subspace for the mixed norm spaces and the weighted Banach spaces. We will use the characterizations from Section 3 and, thus, we will need to study the boundedness and compactness of an integral-type operator on such spaces. Throughout the paper, we will understand 1/∞ as zero, the letters A, B, C, C ′ , K, m will denote positive constants, and we will say that two quantities are comparable, denoted by α ≈ β, if there exist a positive constant C such that
Spaces of analytic functions
2.1. Hardy and Bergman spaces. The Hardy space H p is the space of analytic functions on the unit disk such that its integral means
are bounded as r → 1. For every p, 0 < p ≤ ∞, the polynomials are dense in H p , and if 1 ≤ p ≤ ∞, the space H p is a Banach space with the norm
and
The Bergman space A p , 0 < p < ∞, is the space of analytic functions on the unit disk such that
where dA is the normalized Lebesgue area measure, that is, the subspace of L p (D, dA) whose elements are analytic functions. For any 0 < p < ∞, the Bergman space A p is a complete space of analytic functions on the unit disk where polynomials are dense. It becomes a Banach space for 1 ≤ p < ∞ with the norm
More generally, we also define the weighted Bergman space A p α , 0 < p < ∞, −1 < α < ∞, of analytic functions on the unit disk such that 2.2. Mixed norm spaces. The mixed norm spaces H(p, q, α), 0 < p, q ≤ ∞, 0 < α < ∞, are the spaces of analytic functions on D such that
for q < ∞, and sup
We also define the "little-oh version", H 0 (p, ∞, α), as the subspace of functions in
These spaces are closely related to the Hardy and Bergman spaces, since we can identify the weighted Bergman space A p α , 0 < p < ∞, −1 < α < ∞, with the space H p, p, α+1 p and the Hardy space H p with the limit case H(p, ∞, 0). The mixed norm spaces are also related to other spaces of analytic functions, such as Besov and Lipschitz spaces, via fractional derivatives (see [28, Chapter 7] ).
They were explicitly defined in Flett's works [24] , [25] . Since then, these spaces have been studied by many authors (see [1] , [16] , [19] , [27] , [37] ). Recently, the mixed norm spaces are mentioned in the works [7] , [8] , [5] , and the monograph [28] .
These spaces are Banach for p, q ≥ 1, and we will denote its norm by f p,q,α . We have the following results for these spaces [28, Proposition 7.1.3.]:
Notice that, in the language of semigroups of composition operators on mixed norm spaces, Proposition 1 proves that the semigroup of dilations of the unit disk, defined as {ϕ t } with ϕ t (z) = e −t z, for all t ≥ 0 and z ∈ D, induces a strongly continuous semigroup of composition operators on H(p, q, α) for q < ∞ and on H 0 (p, ∞, α), but not on H(p, ∞, α).
In a similar way we can prove that the semigroup of weighted composition operators induced by the same semigroup of analytic functions is strongly continuous on H(p, q, α) for q < ∞ and on H 0 (p, ∞, α), but not on H(p, ∞, α). Notice first that the operators
are bounded on every mixed norm space.
Theorem 2. Let ϕ t (z) = e −t z, t ≥ 0 and z ∈ D.
•
Proof. Denote by f t the function f t (z) = f (e −t z), z ∈ D. Since e −t f t converges uniformly to f as t → 0 on the compact subset |z| ≤ r, then
On the other hand, since
the Lebesgue's Dominated Convergence theorem yields
. Let t 0 be such that, for every 0 < t < t 0 and r < r 0 ,
Notice that, in the proof that if f ∈ H(p, ∞, α) and
we have used that f t is bounded, and therefore the argument above is not valid if the semigroup of analytic functions {ϕ t } has radial limits of modulus one.
A consequence of Proposition 1 is that polynomials are dense in
This result was also proved by Lusky in [30] in a more general setting. He also proved the following theorem.
Theorem 3.
The space H(p, q, α) is reflexive for 1 < q < ∞ and
We list some properties of the functions in these spaces that will be needed later. They can be found in [5] . Proposition 4. Let 0 < p, q ≤ ∞ and 0 < α < ∞. There exists C > 0 such that for every f ∈ H(p, q, α) and z ∈ D,
Moreover, for every z ∈ D the function
In the subsequent work, the following result will be very useful for us, since it relates the membership of derivatives of functions belonging to a mixed norm space to another mixed norm space. It is based on a theorem by Hardy and Littlewood (see [23, Thm. 5.5] ).
Notice that this means that if we denote by D the differentiation operator, 
These spaces appear naturally in the study of the growth of analytic functions, see, for instance, [32] , [35] , [36] , [4] . They are Banach with respect to the norm
Therefore, we will only be interested in what it is called a typical weight, that is, a weight with lim |z|→1 v(z) = 0. The spaces induced by these typical weights satisfy that (H To each weight there is a weight defined via an associated growth condition, called the associated weightṽ (see [15] ),ṽ
As in the case of the mixed norm spaces, we will be interested in the behavior of the derivatives of functions of H ∞ v . We will require several definitions in order to study whether the derivative of a function in a weighted Banach space belongs to a space of the same family.
Firstly, the weighted Bloch space B v is the space of analytic functions f on the unit disk D such that
The corresponding "little-oh" space is the little Bloch space
The weighted Bloch spaces are clearly related to the weighted Banach spaces, since f ∈ B v if and only if f
β is almost decreasing. A weight is called normal if it satisfies both properties (U) and (L).
The relation with the derivatives was given by Lusky [29] in the following theorem. . In [9] , the authors study the Volterra operators on weighted Banach spaces and then apply the results to the semigroups of composition operators on those spaces. Like in our work, they use the fact that, for some weights, derivatives of functions on a weighted Banach space belongs to another weighted Banach space. Following this reference, we say that a weight v is quasi-normal if
. Discussion about different weights, including characterizations of whether a weight is quasi-normal, can be found in [9] .
Semigroups of weighted composition operators in general spaces of analytic functions
Our first goal is to find the semigroups of analytic functions that induce strongly continuous semigroups of weighted composition operators on Banach spaces of analytic functions for which polynomials are dense. To do this we have the next theorem: Theorem 7. Let {ϕ t } be a semigroup of analytic functions and {T t } be the induced bounded operator semigroup on a Banach space of analytic functions X satisfying:
(1) polynomials are dense in X, (2) for every f, g ∈ X such that |f | ≤ |g| in D then f X ≤ C g X for some constant C, (3) sup 0≤t≤1 T t < ∞, and (4) ϕ t − id X → 0 and ϕ ′ t − 1 X → 0 Then {T t } is strongly continuous on X.
Proof. Suppose sup 0≤t≤1 T t < ∞. Since polynomials are dense by (1), for every f ∈ X there exists a polynomial p such that p − f ≤ ε. Therefore,
and from here it is enough to show that, for every n ≥ 0,
Notice first that for fixed n ∈ Z + and z ∈ D,
and hence, |ϕ
Therefore, we have that
and from here, by (2) and (4),
This theorem allows us to prove that any bounded weighted composition semigroup induces a strongly continuous semigroup on a Banach space where polynomials are dense, for instance the classical Hardy and Bergman spaces and the Mixed Norm spaces. Proposition 8. Every semigroup of analytic functions for which the family of weighted composition operators {T t } are uniformly bounded induces a strongly continuous semigroup of weighted composition operators on the Hardy spaces H p and on the mixed norm spaces H(p, q, α) for 1 ≤ q < ∞ and H 0 (p, ∞, α) (and therefore for every weighted Bergman space A p α ). Proof. Clearly both H p and H(p, q, α) satisfy properties (1) and (2), while (3) is given by hypothesis, so we only need to check (4). Since ϕ t tends to ϕ 0 uniformly on compact subsets of the disk we have that, likewise, ϕ ′ t → 1 uniformly on compact subsets. Therefore, for 0 < r < 1, M p (r, ϕ t − ϕ 0 ) → 0 and M p (r, ϕ ′ t − 1) → 0, and we get (4) applying Lebesgue's Dominated Convergence Theorem.
Once we have studied the separable case, we are interested in the spaces where polynomials are not dense, such as the mixed norm space H(p, ∞, α) and the weighted Banach spaces H ∞ v . The semigroups of composition operators on these spaces were studied in [6] , [17] , [18] and [9] .
Following this references, we first prove the existence of a maximal subspace of X where the semigroup of weighted composition operators is strongly continuous. Proposition 9. Let X be a Banach space of analytic functions and {ϕ t } a semigroup of analytic functions such that sup 0≤t≤1 T t < ∞. Then there exists a closed subspace Y of X such that:
• The induced semigroup {T t } is strongly continuous on Y.
• T t (Y ) ⊂ Y for every t ≥ 0.
• Every other subspace of X with the above properties is contained in Y.
The proof is analogous to [38, Prop. 5.1] . Following this reference, we will denote the maximal subspace Y of the above Proposition as [ϕ
We can relate this subspace with the generator of the semigroup of analytic functions.
Theorem 10. Let {ϕ t } be a semigroup of analytic functions with generator G. Let {T t } be the induced operator semigroup on X and suppose that sup 0≤t≤1 To prove {f ∈ X : (Gf
Note that, by the properties of G seen in the introduction,
and from here, for t ≥ 0 and z ∈ D,
Therefore, for t < 1,
Another useful rewriting of this subspace is given by the following operator: For an analytic function g let W g : X → X be the operator
for f ∈ H(D). Clearly, W g f is an analytic function, and the operator can be rewritten as
where M g is the pointwise multiplier operator and V g is the generalized Volterra operator studied by Pommerenke on the Hardy-Hilbert space (see [31] ) and later on by Aleman and Siskakis ([2] , [3] ) on Hardy and Bergman spaces.
Proposition 11. Let {ϕ t } be a semigroup with associated generator G. Let X be a Banach space of analytic functions with the properties:
(i) X contains the constant functions,
, where
Proof. By Theorem 10 we are interested in the closure of the set {f ∈ X : (Gf )
and we just only need to take closures. Now, if the Denjoy-Wolff point of {ϕ t } is b ∈ T, we can compose the semigroup by a rotation and assume b = 1. Then, by the representation of G discussed in the introduction, G(z) = (1 − z) 2 P (z). If b ∈ D, without lack of generality we can assume b = 0 and then G(z) = −zP (z), where ReP (z) > 0. If the space X also satisfies that for each
∈ X, then we will need only study W 1 P .
In the next sections we will use Theorem 10 and Proposition 11 to characterize the semigroups of weighted composition operators that are strongly continuous on the mixed norm spaces and the weighted Banach spaces.
Semigroups of weigthed composition operators on Mixed Norm spaces
Suppose that the semigroup of analytic functions {ϕ t } induces a family of bounded weighted composition operators {T t } on H(p, ∞, α). By Proposition 11, we are interested on the boundedness of the operator W g = M g V id on H(p, ∞, α). Since it is the product of an integral operator and a multiplier, first we will need the following lemma on multipliers on H(p, ∞, α).
Lemma 12. Let g be an analytic function in the unit disk and M g the pointwise multiplier with symbol g. The following are equivalent:
Proof. First, assume g ∈ H(∞, ∞, 1). Therefore
The same inequalities show that if
On the other hand, suppose gf ∈ H(p, ∞, α) for every f ∈ H(p, ∞, α − 1). This means that the operator M g is bounded from H(p, ∞, α − 1) into H(p, ∞, α). Let us denote by M the norm of this operator. Then, by Proposition 4,
From here it is clear that g ∈ H(∞, ∞, 1). The same argument shows that if W g is bounded from
Once we understand the behavior of the multiplier, we can prove the boundedness of the operator W g on the "big-Oh" space and from the "little-oh" space to itself or to the bigger space. The key in this proposition is the fact that, thanks to Lemma 5, the Volterra operator V g maps H(p, ∞, α) into H(p, ∞, α − 1), and the previous lemma.
Proposition 13. Let g be an analytic function in the unit disk. The following are equivalent:
By Lemma 5, it is clear that
Moreover, by the previous Lemma, if g ∈ H(∞, ∞, 1) then
, and from here W g is bounded on H(p, ∞, α) and on H 0 (p, ∞, α). This proves The most useful result to study the semigroups of weighted composition operators will be the next one, that characterizes the boundedness of the operator from the bigger space H(p, ∞, α) to H 0 (p, ∞, α). We also find that it is equivalent to the compactness and weakly compactness on H(p, ∞, α). Theorem 14. Let g ∈ H(∞, ∞, 1). The following statements are equivalent:
To prove this theorem we will need the following result, that can be found in [22, p. 482] . 
Proof (Theorem 14)
. We first prove that (a) ⇔ (d). Let g ∈ H 0 (∞, ∞, 1) and {f n } a sequence in the unit ball of H(p, ∞, α) that converges uniformly on compact subsets of the unit disk. Therefore, for fixed ε > 0 there is
for n ≥ N 0 and for all |z| ≤ R. Then, for r < R,
.
From here,
On the other hand, if r > R, then
since the operator V id is bounded. Thus, lim ||W g f n || p,∞,α = 0 and the operator is compact. Now we assume W g is compact on H(p, ∞, α). Since the differentiation operator D is bounded from H(p, ∞, α − 1) to H(p, ∞, α) by Lemma 5, we have that the multiplier
is compact. Therefore, if {f n } is a sequence in the unit ball of H(p, ∞, α − 1) such that f n → 0 as n → ∞ uniformly on compact subsets of D, then M g f n p,∞,α → 0 as n → ∞.
Suppose that g ∈ H 0 (∞, ∞, 1), then there exist a sequence {z n } and a constant C > 0 such that |z n | → 1 as n → ∞, and
Given the sequence {z n } we will take the functions {f zn }, where f zn ∈ H(p, ∞, α − 1) are the functions in Prop. 4,
and f zn p,∞,α−1 ≈ 1. Moreover, f zn → 0 uniformly on compact subsets of the disk as n → ∞ and thus, since M g is compact, M g f zn → 0 as n → ∞. Nevertheless, Now we see
, then there exist a sequence {z n } and a constant C > 0 such that |z n | → 1 and
(1 − z)
Once we have studied the boundedness of the operator W g , we come back to semigroups. Proof. Following the discussion of Theorem 17, we know that, if b = 0, the operator W γ is bounded on H ∞ v and, by Proposition 20, 
